We examine the effect of wall inertia on the onset of high-frequency self-excited oscillations in flow through an elastic-walled tube. The previous asymptotic model of Whittaker et al. (Proc. Roy. Soc. A 466, 2010), for a long-wavelength high-frequency instability in a Starling-resistor setup, neglected inertia in the tube wall. Here, we extend this model by modifying the 'tube-law' for the wall mechanics to include inertial effects. The resulting coupled model for the fluid and solid mechanics is solved to find the normal modes of oscillation for the system, together with their frequencies and growth rates. In the system and parameter regime considered, the addition of wall inertia reduces the oscillation frequency of each mode, however its effect on the stability of the system is not as straightforward. Increasing wall inertia lowers the mean flow rate required for the onset of instability, and is therefore destabilising. However, at higher flow rates the instability growth rate is decreased, and so wall inertia is stabilising here. Overall, the addition of wall inertia decreases the sensitivity of the system to the mean axial flow rate. The theoretical results show good qualitative and reasonable quantitative agreement with direct numerical simulations performed using the oomph-lib framework.
Introduction
Fluid flow through elastic-walled tubes occurs in many biological systems. In the human body, the cardiovascular, respiratory and digestive systems all use flexible tubes to transport various fluids around the body. As such, the study of flows in elastic tubes is important in understanding the different phenomena that occur in these biological vessels.
In the cardiovascular system, the propagation of pulse waves in the arteries is vital for transporting blood to organs and tissues within the body. This is a well-known example, and one-dimensional models have been developed (1, 2, 3) which are able to adequately explain many properties of the system. The analysis of this problem is helped by the fact that under normal conditions the arteries have a positive transmural (internal minus external) pressure, which allows them to retain a relatively stiff, inflated state. However many blood vessels, such as the veins above the heart and outside the skull have a negative transmural pressure, 
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Rigid tube Fig. 1 The set-up of the Starling Resistor. An elastic tube is clamped between two rigid tubes and is contained in a pressure chamber with fixed pressure p * ext . Flow is driven through the tube using a controlled pressure difference p * up − p * dn between the two ends. Flow can also be driven through the tube by using a volumetric pump to set a particular flux at either end. The pressure p * ext in the chamber can be modified to control the degree of collapse of the elastic tube.
which causes the vessels to buckle and collapse non-axisymmetrically. These vessels are much more flexible in their buckled state and small changes in fluid pressure can cause large changes in the cross-sectional area. This leads to strong interaction between the fluid and solid mechanics, which induces many interesting phenomena such as flow limitation and self-excited oscillations (4) . The collapse of blood vessels and the subsequent effects play an important role in many situations. For example the collapse of blood vessels is believed to be a part of the autoregulation of blood flow to many internal organs (5, 6) , and the external compression of veins in lower limbs is used to prevent deep-vein thrombosis (7, 8) . Also, when the brachial artery is compressed by a cuff around the upper arm in blood pressure measurement, flow induced instabilities occur and "Korotkoff sounds" are generated (9, 10) .
Self-excited oscillations also occur in the airways and are believed to cause a number of respiratory noises. It is thought that flutter instabilities are the cause of respiratory wheezes during forced expiration (11, 12) , and controlled flow-induced vibrations of the vocal chords are used in speech production and can be modelled as a collapsible tube system (13) . More examples of biological applications can be found in recent review papers (4, 14, 15) .
Experimental data of fluid flow through elastic-walled tubes is usually obtained using a Starling Resistor (16) , which is shown in Fig. 1 . This comprises an elastic tube which is clamped between two rigid tubes and enclosed in a chamber with a fixed pressure. Fluid is driven through the tubes, either by applying a controlled pressure difference between the ends of the rigid tubes, or by using a volumetric pump to fix a specific flux at one end. If the transmural pressure (internal minus external) across the tube wall becomes sufficiently large and negative, the tube buckles non-axisymmetrically. Once the tube reaches this buckled state, it becomes highly compliant and small changes in the transmural pressure can cause large changes in the tube shape and cross-sectional area. Experiments by Bertram and Tscherry (17) have shown that if the flow exceeds a certain (set-up dependent) critical Reynolds number, the system develops self-excited oscillations. Other relevant experimental studies can be found in the review by Bertram (18) .
Early elastic-walled-tube experiments (reviewed in (18) ) found a vast array of different types of oscillations spanning a large range of frequencies. However, the mechanisms involved in developing self-excited oscillations are still not fully understood. Many early theoretical analyses of flow in flexible tubes were based on one-dimensional models, which are discussed in the review (4) . Typically, these models involve terms describing three quantities: the mass flux or flow rate of the fluid within the tube, the cross-sectional area of the tube and the transmural pressure, all as functions of an axial coordinate and time. Three equations governing the quantities in the models are derived from axial momentum, mass conservation, and a 'tube law' for the wall mechanics that relates the transmural pressure to the local cross-sectional area. These kinds of models are still widely used to model networks of collapsible tubes (19, 20) . To be able to describe the complicated threedimensional wall mechanics, viscous dissipation, the effects of flow separation, etc., ad hoc closure assumptions are required. Many of these models are able to capture qualitative effects, such as the onset of self-excited oscillations, that are observed in higher-dimensional models; see e.g. (21) .
Pedley (22) introduced a model comprising a two-dimensional channel, where one wall has a segment replaced by a flexible membrane under longitudinal tension. Fluid is driven through the channel by a pressure drop between the two ends of the channel, and the transmural pressure over the membrane determines the initial shape of the membrane. Many two-dimensional models of flow through flexible tubes are based on this system, including (23) and (24) . Further examples can be found in the reviews (4) and (15) .
Using the system constructed by Pedley (22) , Jensen and Heil (25) studied a parameter regime where the tension in the wall is large, using a combination of asymptotic analysis and numerical simulation, and determined a simple 'sloshing' instability mechanism. In this regime, the system performs high-frequency oscillations, which are governed by a dynamic balance between fluid inertia and large elastic restoring forces. The oscillations of the wall periodically displace fluid from the flexible region of the tube into the rigid regions, which results in axial sloshing flows in the rigid parts of the tube. If the amplitude of these sloshing flows is greater in the upstream rigid section than in its downstream counterpart, then there is a net influx of kinetic energy into the system. If this influx exceeds additional losses, such as viscous dissipation (most of which is found in the boundary layers near the tube walls) and work done by the pressure at the tube ends, then the system can extract energy from the flow to drive an instability. Jensen and Heil (25) used asymptotic techniques to obtain predictions for the frequency and growth rates of modes arising from this instability. They also found their predictions for the critical Reynolds number at which oscillations develop to be in good agreement with numerical simulations.
Whittaker et al. (26, 27) showed that the essential components of this sloshing instability mechanism are also present in a three-dimensional flow. However, for efficient extraction of energy from the mean flow to occur, it is necessary that the tube performs oscillations about a non-axisymmetric mean state † (28, 26) . Hence, this instability is most likely to occur when either the tube's undeformed cross section is not circular or a tube with an initially axisymmetric cross section has buckled non-axisymmetrically. † In a tube with circular cross section, small-amplitude O(ǫ) deformations result in cross-sectional area changes and hence axial sloshing flows that are only O(ǫ 2 ). In contrast, with an elliptical or more general cross-section, O(ǫ) deformations will lead to larger O(ǫ) area changes and axial sloshing flows.
The case where the tube has a non-circular undeformed cross section was investigated theoretically by Whittaker et al. (29) , who combined models for the fluid behaviour in response to prescribed wall motion (26) , and the wall behaviour in response to the fluid pressure in the form of a 'tube law' linking the transmural pressure with the cross-sectional area (30) . The model in (29) is valid for long-wavelength, high-frequency, small-amplitude oscillations of a thin-walled, initially elliptical elastic tube under large axial tension. The predictions made by the model for the mode shapes, frequencies and growth rates of the oscillations, as well as the critical Reynolds number at which oscillations arise, were found to be in good agreement with direct numerical simulations. However, some effects such as wall inertia, axial bending, in-plane shear forces and non-linear effects in the tube wall were neglected to simplify the mathematics within the model.
In this paper, wall inertia is added to the model of Whittaker et al. (29) . This is done by reintroducing the wall inertia terms to the force-balance equations governing the mechanics of the tube wall. Using the force-balance equations, a new 'tube law' is derived. Combining this with an asymptotic description of the fluid mechanics of the problem, a complete system for the interaction between the tube wall and the fluid is constructed. Solving this system, countably many oscillatory modes for the instabilities are found and their frequencies are determined. The stability criterion and growth rates of the modes of the oscillations are also determined. We find that the 'sloshing' instability mechanism (as described above) still operates. The addition of wall inertia lowers the critical axial flow rate at which the instability first appears, and increases the growth rate of the instability for moderate and low flow rates. However, at higher flow rates, the presence of the wall inertia decreases the growth rate of the instability. Hence wall inertia can act as either a destabilising or a stabilising effect, depending on the parameter values. This paper is organised as follows. A description of the mathematical set-up used by Whittaker et al. (29) is provided in §2. In §3, we derive the model for the oscillatory perturbations, by building on the work of Whittaker et al. (30, 26, 27) . As in these works, it is found that the leading-order solutions are composed of a series of neutrally stable normal modes, each with a distinct eigenfrequency. In §4, we consider the time-averaged energy budget of the system and use this to determine expressions for the (asymptotically slow) growth rates of the oscillatory normal modes. The stability boundary for each mode is expressed in the form of a critical mean-flow Reynolds number.
In §5, we quantify the asymptotic effect that wall inertia has on the frequency and mode shapes of the oscillations, and also the stability and growth rate of each mode. In §6, the asymptotic predictions are compared with direct numerical simulations, and good agreement is found. Finally, conclusions are presented in §7.
Mathematical Set-up 2.1 Problem Description
We adopt the same set-up as used by Whittaker et al. (29) and consider a tube of length L and circumference 2πa with an initially elliptical cross-section, as shown in Fig. 2 . The tube axis is aligned with the z * -axis and the ellipticity of the tube is set by a parameter σ 0 . Using this parameter, the major and minor radii are given by ac cosh(σ 0 ) and ac sinh(σ 0 ),
The set-up used in (29) . An initially elliptical elastic-walled tube is clamped between two rigid tubes. Fluid flows from left to right, due to a volume flux condition at the downstream end.
where
, and
is the complete elliptic integral of the second kind. The constant c has been set so that the circumference is 2πa. The cross-sectional area in the undeformed state is then
The tube is split into three regions: two rigid sections occupying 0 < z * /L < z 1 and z 2 < z * /L < 1, and an elastic-walled section within z 1 < z * /L < z 2 which is clamped onto the rigid tubes at z * = z 1 L, z 2 L. The elastic section is mounted with an axial pre-stress so that in its initial elliptical configuration an axial tension force F acts at the ends, giving rise to a uniform axial pre-stress of F/(2πad). In its initial elliptical configuration, the elastic wall has thickness d and density ρ w , giving a mass per unit area m = ρ w d. The elastic wall is susceptible to deformations from forces arising from the transmural (internal minus external) pressure. We assume that it behaves linearly elastically over the range of deformations we consider here, with incremental Young's modulus E and Poisson ratio ν. Using these parameters, we define the extensional stiffness D and the bending stiffness K of the tube wall as
.
Within the tube, an incompressible Newtonian fluid with density ρ f and viscosity µ is driven along the tube by the imposition of a steady axial volume flux A * 0 U at the downstream end, z * = L. At the upstream end, z * = 0, the pressure is fixed at p * = p * up . By prescribing the flow rate at the downstream end, we ensure that no energy is lost to the mean flow there, which in turn, along with the fixed upstream pressure, ensures that the 'sloshing' instability mechanism (as described in §1) is at its most potent. Outside the tube, there is a constant external pressure p * ext , which acts on the tube wall. As in the model of (29), we will consider oscillations of the fluid and tube wall with typical timescale T and amplitude b(t * ) ≪ a, where t * is dimensional time. The key variables we will use to describe the system are the fluid pressure p * , the axial velocity w * of the fluid, and the cross-sectional area A * of the tube. In the parameter regime we shall be considering, it is found that the pressure and axial velocity are almost uniform in the tube cross-section, and that the transverse velocity components do not appear at leading order.
By assuming that oscillations involve a balance between forces from the azimuthal bending of the tube wall and axial fluid inertia, we can estimate the appropriate timescale T . For this purpose, we equate the inertial pressure scale ρ f L 2 b/(aT 2 ) associated with oscillations of the fluid with the pressure scale Kb/a 4 associated with azimuthal bending of the tube wall, to obtain
(2.4)
Dimensionless Groups and Parameter Regime
There are various dimensionless groups in the problem. We have the three geometric ratios
which correspond to the wall thickness, tube length and oscillation amplitude, respectively. We also have two groups related to the fluid mechanics; the Womersley number α and the Strouhal number St, defined by
The Womersley number represents the relative importance of unsteady inertia to viscous effects and the Strouhal number represents the relative importance of unsteady to convective inertia. Using these, we can define the Reynolds number Re as
Finally, we introduce a dimensionless axial tension F and a dimensionless wall mass M , defined by
The dimensionless tension F is the ratio of the restoring forces F b/2πaL 2 from axial tension effects to the restoring forces Kb/a 4 from azimuthal bending. The dimensionless mass M is the ratio of wall inertia forces mb/T 2 to the azimuthal bending forces Kb/a 4 or equivalently the forces ρ f abℓ 2 /T 2 due to the fluid inertia. As in (29), we consider a parameter regime where the tube wall is thin, under a large axial tension and generates small-amplitude, high-frequency, long-wavelength oscillations. We therefore have
(2.9)
Non-dimensionalization
Times are scaled on the time-scale T , transverse lengths on the radial scale a, and axial lengths on the tube length L. In particular, we introduce the dimensionless variables
It is assumed that the dimensionless area A(z, t) varies harmonically in time with dimensionless frequency ω and amplitude ∆(t) = b(t)/a. This induces an oscillatory perturbation to the axial flow, which we therefore non-dimensionalize as
wherew is the steady component andw is the (possibly complex) z-dependent amplitude of the oscillatory component. The scale for the steady flow comes from the imposed flux A * 0 U at the downstream end. The scale for the oscillatory perturbation arises from the continuity equation, given the amplitude and geometry of the wall motion. As discussed in §3.2 below, the high frequency and large aspect ratio of the system results in the leading-order oscillatory axial velocityw being uniform in the cross-section of the tube.
This axial flow must be driven by an axial pressure gradient. Thus a similar form is required for the fluid pressure p * , with both steady and oscillatory components. We write
wherep is the steady component andp is the amplitude of the oscillatory component. The steady component has been non-dimensionalized using the viscous scale µLU/a 2 , while for the oscillatory component we use the inertial scale
The steady external pressure p * ext and the transmural pressure p * tm = p * − p * ext are nondimensionalized as
based on the the viscous scale and the azimuthal bending scale respectively. Combining these with the expression (2.12) for the fluid pressure p * , we find that the non-dimensional transmural pressure p tm can be written as
The components of the transmural pressure will act to deform the tube wall, causing both steady and oscillatory changes in the cross-sectional area. The respective scales are determined by balancing the azimuthal bending forces with the transmural pressure, and we obtain
where A 0 is the cross-sectional area in the undeformed state,Ā(z) is the change in area due to the steady component of the transmural pressure, andÃ(z) is the axial mode shape of the change in area due to the oscillations of the wall.
Energy and energy fluxes are non-dimensionalized using
These are based on the kinetic energy and kinetic energy fluxes in the steady flow. , an in-plane shear stressS(τ, z), and the dimensionless displacement functions ξ(τ, z, t) in the normal direction, η(τ, z, t) in the azimuthal direction, and ζ a (z, t) and ζ(τ, z, t) in the axial diction. † Here z is the dimensionless axial coordinate as defined above, and τ is a dimensionless azimuthal coordinate.
Leading-order model for the oscillatory perturbations
To these equilibrium equations, we add the appropriate inertia terms, arising from the components of the wall acceleration, and non-dimensionalized by the transmural pressure scale K/a 3 from (2.13). The resulting equations (which differ only by the addition of the terms involving M ) areBÑ
is the coordinate scale factor for τ , whilē
are the base-state azimuthal curvature and the azimuthal curvature perturbation respectively. Shell theory gives expressions for the stressesÑ andS in terms of the displacements ξ, η, ζ a and ζ. Hence the PDEs (3.1)-(3.3) govern the perturbation of the tube wall generated by a given transmural pressure p tm . The method of Whittaker et al. (30) is now followed to reduce these three coupled PDEs to a single ODE relating the cross-sectional † Two functions are needed for the axial displacement because the azimuthally averaged axial displacement ζa has a different scaling from the azimuthally varying zero-azimuthal-mean component ζ.
area perturbation A−A 0 to p tm . This involves various asymptotic and other approximations based on the regime (2.9). Omitting the details for brevity, we obtain
where k 0 (σ 0 ) and k 2 (σ 0 ) are the numerically determined O(1) constants found by (30) . This is a 'tube law', linking cross-sectional area changes to the transmural pressure. It is is identical to that derived by (30) in the absence of wall inertia, except for the term involving M . We observe that the coefficient of this new term matches the original term in F . This is expected, as the terms in M in (3.1) and (3.2) precisely mirror those in F , while equation (3. 3) decouples at leading order. As the tube law (3.5) is linear, we can decompose it into steady and oscillatory components. Applying (2.14) and (2.15), we obtain
which are valid in the flexible section of the tube, z 1 < z < z 2 .
Fluid mechanics
We assume that the fluid flow is governed by the incompressible Navier-Stokes equations. Whittaker et al. (26) showed that the fluid flow in the system can be decomposed into steady and oscillatory components, which decouple at leading order, and only the axial components of the velocity are present. The leading-order steady componentw is the solution of three-dimensional Poiseuille flow in the elliptical undeformed configuration, and is unaltered by the addition of wall inertia. The precise solution forw is not needed for the following analysis, and so is omitted here. Using a long-wavelength approximation and the property that the oscillatory component of the axial velocity has a high frequency, Whittaker et al. (26) showed, at leading order, that the oscillatory axial velocityw has a plug flow profile in the core, with passive thin viscous boundary layers (Stokes layers) near the wall. They also showed that the leadingorder oscillatory pressurep is uniform in each cross-section. Hence, we havew =w(z), p =p(z) in the core. The leading-order oscillatory components of the continuity and axial momentum equations adopt the standard forms:
Eliminatingw between (3.8a) and (3.8b), we obtain a second relationship betweenp andÃ:
Boundary and matching conditions
The boundary conditions at the tube ends z = 0, 1 and the matching conditions at the interfaces at z = z 1 , z 2 between the flexible and rigid sections of the tube are as derived by Whittaker et al. (26) . We re-write each of these conditions in terms of the oscillatory pressure perturbationp(z), as this is the primary variable we shall be using in §3.4 below. At the upstream end z = 0, we fix the pressure in the fluid as a constant. Thus the oscillatory componentp of the pressure must vanish there. At the downstream end z = 1, we fix the axial volume flux. Thus the amplitudew of the oscillatory axial plug flow must be zero there. Using (3.8b) to expressw in terms ofp, we obtain the conditions p = 0 at z = 0 , dp dz = 0 at z = 1 .
At z = z 1 , z 2 , we require continuity of pressure and axial volume flux in the fluid, and continuity of area perturbation in the wall. The axial volume flux is proportional tow and hence dp/dz from (3.8b). The area perturbation is zero in the rigid sections and is proportional to d 2p /dz 2 from (3.9) in the flexible section. The full set of matching conditions is therefore
Final model
EliminatingÃ between (3.7) and (3.9), we obtain the following equation governing the oscillatory pressure perturbationp(z) inside the flexible region of the tube:
In the rigid sections of the tube we haveÃ = 0, and so (3.9) implies d 2p dz 2 = 0, for 0 < z < z 1 and z 2 < z < 1.
It is now convenient to introduce a rescaled axial coordinate
so that the flexible section of the tube occupies 0 < Z < 1. Equation (3.13) gives rise to linear solutions forp in the two rigid sections. By applying the tube-end boundary conditions (3.10) and the matching conditions (3.11) these solutions can be converted into boundary conditions onp in the flexible section of the tube. With these manipulations, the final system to be solved is
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This represents an eigenvalue problem for the single free parameter ω, comprising a fourthorder linear ODE forp(Z) with four homogeneous boundary conditions.
Solution for the oscillatory normal modes
Equation (3.15) is a linear ODE with constant coefficients, and so has solutions of the form p = e λZ . It may be shown (see Appendix A) that the eigenfrequencies ω are always real and non-zero. Then, as the coefficient ofp in (3.15) is strictly negative, the quartic polynomial for λ always has one pair of real solutions and one pair of imaginary solutions. The general solution of (3.15) can therefore be written as
where A, B, C and D are constants to be found, and g > 0 and h > 0 are defined by
Applying the boundary conditions (3.16) to the general solution (3.17) and eliminating the constants A, B, C and D, we find the same eigenvalue equation as in (29):
but the expressions above for g and h are different. We continue to follow the solution method of (29) to solve the eigenvalue system (3.18)- (3.20) for ω, but a slight modification is needed as the new terms involving M also contain ω.
We proceed by eliminating g and ω from (3.20) in order to obtain a single equation for h. First, we obtain an expression for ω in terms of g and h by considering the product of (3.18) and (3.19) :
Then taking the difference between (3.18) and (3.19) , and using (3.21) to eliminate ω, we obtain
We now use (3.22) to eliminate g from (3.20) , giving us an equation to be solved for a single real unknown h. Solving numerically using Maple, we find countably many solutions for h. The relationship (3.22 ) is then used to recover g and finally (3.21) is used to find the eigenfrequencies ω. We denote the nth eigenfrequency as ω n , with ω 1 being the fundamental mode.
We observe that as ω → ∞, g = O(1) and h = O(ω). Hence, for large ω the eigenvalue equation (3.20) is approximately
Hence we expect to find solutions at h ≃ nπ, for large integers n. This approximation is helpful when computing the numerical solutions, and explains why it is more convenient to solve the system for h, rather than directly for ω.
Stability Criterion and Growth Rate
The leading-order solution found above comprises oscillatory normal modes that are all predicted to be neutrally stable. At higher orders these modes will be expected to slowly grow or decay in time. We now follow Whittaker et al. (29) , who showed that it is possible to derive these growth rates by considering the global energy budget of the system. By subtracting off the mean-flow components, this energy budget can be expressed as
Here,Ẽ s is the total dimensionless energy due to oscillations in the tube wall andẼ f is the dimensionless oscillatory kinetic energy in the fluid, both averaged over a period of the oscillations. On the right-hand side we have three energy fluxes associated with the oscillatory component of the flow: K is the mean flux of kinetic energy through the ends of the tube due to the oscillatory perturbation, S is the mean rate of working by oscillatory pressure forces that arise at the tube ends, and D is the mean rate of dissipation in the oscillatory viscous Stokes layer adjacent to the tube wall. The energies and fluxes have been non-dimensionalized using the scalings (2.16). By substituting expressions forẼ s ,Ẽ f , K, S and D -calculated from the leading-order normal-mode solutions in §3.5 -into (4.1), we are able to derive an equation for the evolution of the amplitude ∆(t).
Energy Fluxes, Fluid Energy and Wall Energy
Whittaker et al. (26, 29) showed that K, S, D andẼ f are given by
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These expressions concern energies and fluxes in the fluid, and are evaluated purely from the leading-order axial oscillatory fluid floww(z). Hence the expressions are unchanged by the addition of wall inertia. However, a new expression for the energyẼ s in the wall must be derived here, taking into account not only the elastic energy also but the kinetic energy too. This calculation is detailed in Appendix B, where it is shown that
We note that in the absence of wall inertia (M = 0), (4.6) matches the expression forẼ s derived in (26, 29) .
Growth Rate
Now we have expressions for the various energies and fluxes, we can use these along with (4.1) to find an expression for the growth rate of each of the normal modes and thence a stability criterion. From the expressions (4.5) forẼ f and (4.6) forẼ s , and using (3.8b) to expressw in terms ofp, we see that
From the expressions (4.2)-(4.4) for K, S and D, and using (3.8b) to expressw in terms of p, we have
Substituting (4.7)-(4.8) into (4.1) and evaluating the time derivative on the left-hand side, we obtain
Hence, the amplitude of each normal modep(z) grows or decays exponentially and we may write
where ∆ 0 is the initial amplitude of the oscillations, and the growth rate Λ is given by
(4.11)
Stability Criterion
When Λ = 0, neutrally stable oscillations are obtained. We define the critical Reynolds number Re c to be the Reynolds number (defined by Re = α 2 /St) at which Λ = 0. (If the other parameters are held constant, then Re is a measure of the mean flow rate through the tube.) Using the expression (4.11) for the growth rate, we find
Using this expression for Re c , the growth rate Λ may be written as
The growth rate Λ and critical Reynolds number Re c depend both on the problem parameters and the particular mode being considered. When Re ≤ Re c for every mode, the system will be stable. If Re > Re c for any mode, then the system will be unstable to that oscillatory mode of perturbation. Wall inertia affects Λ and Re c both explicitly through the parameter M , and also implicitly through the mode shapesp and frequencies ω.
Asymptotic Predictions 5.1 The Effect of Wall Inertia on the Frequencies ω
The numerical approach outlined in §3.5 is used to determine the eigenfrequencies ω n of the model for different values of the axial tension parameter F and wall inertia parameter M . The tube geometry is kept fixed, with z 1 = 0.1, z 2 = 0.9 and σ 0 = 0.6 as in (29) . (Using this value for σ 0 , we have k 0 = 11.07487, k 2 = 1.70441 and A 0 = 2.73060.) The results are shown in table 1. It is seen from the table that the addition of wall inertia significantly reduces the values of the eigenfrequencies ω n for the higher-order modes, even when M is small. However for the fundamental modes, the effect of wall inertia is only significant when M is larger than around 0.1. Finally, it is noted that for larger values of M , the eigenfrequencies increase much more slowly as the mode number n is increased.
The Effect of Wall Inertia onp,w andÃ
Using the values of the eigenfrequencies ω n , we determine the corresponding normal modes of the pressurep n , the axial velocityw n and the areaÃ n . We obtainp n by applying the boundary conditions (3.16) to (3.17)- (3.19) . We choose the normalisation
motivated by the form of Re c in (4.12). Then (3.8b) and (3.9) allow us to find the correspondingw n andÃ n . In Fig. 3 , we show the first five normal modes ofp n , plotted for different values of M . From the figure, we see little observable change in the fundamental mode for any of the effect of wall inertia on flow instabilities in an elastic-walled tube 15 Table 1 Asymptotic predictions for the eigenfrequencies ω n of the normal modes, for different values of the axial tension parameter F and the wall inertia parameter M , when z 1 = 0.1, z 2 = 0.9 and σ 0 = 0.6.
values of M . However for higher-order modes, there are notable changes as M increases. For M 0.1, rather than being dominated by oscillations in z aboutp n = 0, the eigenfunctions p n also have a significant linear component in z. Fig. 4 shows iw n for the first five normal modes. Again there is very little difference between the modes for M = 0, 0.01. However, in the cases where M = 0.1 and M = 1, the higher-order modes oscillate in z about a non-zero value of iw n .
Finally, Fig. 5 shows the first five normal modes ofÃ n . As before, it is seen that there is not much difference between the modes when M = 0 and M = 0.01. However, in the cases M = 0.1 and M = 1, it can be seen that the fundamental modeÃ 1 tends towards being symmetric about z = 0.5. It is also noted that unlike the modes for the pressurep n and axial velocityw n , the higher-order modes for the area oscillate in z aboutÃ n = 0, for all values of M .
These observations are consistent with the governing equation (3.15) becoming dominated by a balance between the fourth-derivative term and second-derivative term involving M as M increases. This in turn leads to eigenmodes forp that are approximately a linear function plus a sinusoidal oscillation.
The Effect of Wall Inertia on Re c and Λ
The critical Reynolds number Re c and growth rate Λ are found from the normal-mode solutions using (4.12) and (4.13). In Fig. 6 , we plot Re c against M for the first four eigenmodes. From the plots, we see there are significant differences in the behaviour of the modes with odd and even n as M increases. For the odd modes, Re c decreases as M increases, while for even modes Re c increases as M increases. Thus the odd modes are destabilised by adding wall inertia, while the even modes are stabilised. We also see that, at least for 0 ≤ M ≤ 1 the mode with the smallest Re c and therefore the most unstable, is still the fundamental n = 1 mode. In Fig. 7 , we show plots of ∂Λ/∂Re against M . Since Re can be thought of as a dimensionless measure of the mean flow through the tube, the gradient ∂Λ/∂Re captures the sensitivity of the growth rate to changes in the mean flow. For all four modes, as M increases, the gradient of Λ for a given A 0 , α and ℓ tends to zero. So wall inertia acts as a damping effect, decreasing the sensitivity of the system. However this damping is seen to be much more significant for even modes than for odd modes.
Comparison with Direct Numerical Simulations 6.1 Method for Numerical Solution
To evaluate the accuracy of our asymptotic predictions, we conducted numerical simulations of the onset of self-excited oscillations in elliptical collapsible tubes. In these simulations, the three dimensional unsteady Navier-Stokes equations, coupled to the equations of largedisplacement Kirchhoff-Love shell theory, were discretized using the object-oriented multi- physics finite-element library oomph-lib (33) . The implementation and validation of these simulations is detailed by Heil and Boyle (34) in their study of the onset of self-excited oscillations in initially circular cylindrical tubes. In the numerical simulations performed here, the cross sections of the undeformed tube were set to be elliptical, and parallel inflow and outflow were imposed at the upstream and downstream ends of the system. The flow rate at the downstream end was controlled and the fluid at the upstream end was subject to zero axial traction (corresponding to setting zero fluid pressure). The steady external pressurep ext was chosen to be equal to the fluid pressure that would be obtained at the mid-point of the elastic section under steady Poiseuille flow of the prescribed flux through the tube in its undeformed state.
Each simulation was started with an initial condition where the tube wall is in its undeformed configuration with the velocity field within the tube being given by steady Poiseuille flow for this configuration. In order to initiate small-amplitude oscillations,p ext was increased by a small amount so that the tube wall started to collapse slightly at the beginning of the simulation. tube's minor half axis halfway along the tube exceeded 0.5% of its initial radius,p ext was then re-set to its initial value. Once any transients had decayed, the system performed small-amplitude oscillations about the steady configuration, and the period and growth or decay rates of these oscillations were extracted by fitting the time trace of the displacements to an exponentially growing or decaying harmonic oscillation. The standard resolution for the simulations presented here involved 48,398 degrees of freedom. Selected simulations were repeated with an increased spatial resolution with 75,136 degrees of freedom to verify the mesh-independence of the results.
Comparison of Numerical Results and Asymptotic Predictions
We compare the asymptotic predictions and the numerical results for σ 0 = 0.6, z 1 = 0.1, z 2 = 0.9, F = 1, ℓ = 15, α 2 = 50, (6.1)
where σ 0 = 0.6 also implies A 0 = 2.73060, k 0 = 11.07487, k 2 = 1.70441. , with z1 = 0.1, z2 = 0.9, and σ0 = 0.6, for mode numbers n ∈ {1, 2, 3, 4}. Note the differing behaviour of the odd and even modes: the odd modes are destabilised by increasing wall inertia, while the even modes are stabilised (except at very small M ).
The remaining parameters, St (or equivalently Re) and M are varied between the different simulations. In Fig. 8 , we plot the analytical approximations and numerical calculations for the eigenfrequency ω 1 of the fundamental mode, first against Re for different values of M in Fig. 8(a) , and then against M in Fig. 8(b) . It is seen in Fig. 8(a) that as in the asymptotic predictions, the numerical results indicate that varying the Reynolds number Re gives negligible change in ω 1 . In both plots, there is excellent agreement between the asymptotic predictions and the numerical simulations.
In Fig. 9 , we compare the asymptotic predictions and numerical results for the variation in A − A 0 along the length of the tube in the cases M = 0, 0.2, 1. Here, the numerical simulations are plotted using Reynolds numbers close to the analytically predicted values of the critical Reynolds number Re c1 of the fundamental mode, so that the growth rate of this mode is small and the amplitude of this mode has little variation throughout the simulation. The values of time t were set so that the numerical results for A − A 0 are near their maxima. To obtain the asymptotic prediction for A−A 0 , we used the expression (2.15) for A, together with the asymptotic expression for the steady componentĀ from (29) and the asymptotic expression for the fundamental oscillatory modeÃ 1 from §3. Fig. 7 Asymptotic predictions for the gradient ∂Λ/∂Re of the growth rate as a function of M , with z1 = 0.1, z2 = 0.9, σ0 = 0.6, for mode numbers n ∈ {1, 2, 3, 4}. This demonstrates the sensitivity of the growth rate to the mean-flow Reynolds number. Again note the differing behaviour of the odd and even modes and M increases. All the modes become less sensitive to changes in the Re as M increases, but the even modes are affected more strongly.
amplitude ∆ of the oscillatory component was set so that the amplitude of the area variation matches between the asymptotic prediction and numerical results. From Fig. 9 , it is seen that as in the asymptotic predictions, the peaks of A − A 0 in the numerical simulations move slightly towards the upstream end of the tube as M is increased. We also also observe that there is good agreement between the asymptotic predictions and numerical results for all values of M . The asymptotic prediction (4.12) and numerical calculations for the critical Reynolds number Re c1 of the fundamental mode are shown in Fig. 10 as functions of M . From the figure, we see that the asymptotic prediction captures the qualitative behaviour well but systematically underestimates the value of Re c1 by about 13-18%.
Finally, in Fig. 11 , the asymptotic prediction (4.13) and numerical results for the growth rate Λ 1 of the fundamental and fastest growing mode are plotted against Re for the cases M = 0, 0.2, 1, 10. From the figure, we see that both the theoretical and numerical results vary linearly with the Reynolds number, with the same gradient for each value of M . Overall, the asymptotic predictions derived in this paper are in good agreement the numerical simulations for the frequency ω 1 and area variation A − A 0 of the fundamental mode. Although the asymptotic predictions underestimate the value of the critical Reynolds number Re c1 , and overestimate the value of the growth rate Λ 1 of the fundamental mode, they still capture the qualitative behaviour of these quantities. The error in the approximation for Λ 1 decreases with increasing wall inertia. Given the number of approximations made in order to obtain the asymptotic predictions, and the fact that the various 'small' parameters are not all that small in the cases considered here, we believe that the discrepancies observed are acceptable, and are confident that the asymptotic system is indeed capturing the essential physics of the full problem. 
Discussion and Conclusions
In this paper, we have studied the effects of wall inertia on the onset of high-frequency long-wavelength self-excited oscillations in flow through an elastic-walled tube. The previous model of Whittaker et al. (29) has been extended to include inertial resistance to the motion of the elastic wall. The effect of wall inertia in the new model is characterised by a single parameter M , which is defined in (2.8b) as the ratio of the inertial to azimuthal bending resistance in the wall. We have quantified the effects of M on the modes of oscillation and their stability.
Asymptotic analysis, based on the limit of high-frequency long-wavelength smallamplitude oscillations in a thin-walled tube, allowed us to reduce the system to a onedimensional eigenvalue problem (3.15)-(3.16) for the leading-order pressure perturbation amplitudep(z). The eigenvalue equation (3.20) was solved numerically to determine the frequencies ω, and a countable set of neutrally stable oscillatory normal modes were found. The global energy budget was used to derive the slow growth or decay rates Λ of each of these modes (a first-order effect, but completely determined by the leading-order solution). As in (29), a critical point was found for each mode to be neutrally stable. This was expressed as a critical mean-flow Reynolds number Re c , with the system being stable for lower Reynolds numbers and unstable for higher Reynolds numbers. The asymptotic expressions for the critical Reynolds number Re c and the growth rate Λ were found in (4.12) and (4.13) . The fundamental mode with the smallest number of axial oscillations was found to have the lowest-frequency and the highest growth rate. The critical Reynolds number for this mode therefore gave the stability boundary for the system.
It is interesting to note that wall inertia does not enter the governing equation (3.15) in the same way that the fluid inertia does. (Compare the M ω 2 term associated with wall inertia to the ω 2 one associated with fluid inertia.) This effect on the fluid pressure from the wall inertia is directly proportional to the area changesÃ at each z. However, the effect on the fluid pressure from the fluid inertia is a result of two axial integrals ofÃ (one to obtain the axial fluid velocity using (3.8a), and one to integrate the pressure gradient using (3.8b)).
Full numerical simulations have also been conducted, for a number of different parameter sets, using the object-oriented multi-physics finite-element library oomph-lib. Our asymptotic predictions compare reasonably well with these numerical simulations when the small parameters in the asymptotics are of size O(0.1). The normal modes and frequencies show excellent agreement ( Fig. 8 and Fig. 9 ). The growth rates and critical Reynolds effect of wall inertia on flow instabilities in an elastic-walled tube 25 numbers agree less well ( Fig. 10 and Fig. 11 ), but the qualitative behaviour is captured and the discrepancies are still within acceptable bounds.
In both the numerical simulations and the asymptotic predictions, wall inertia (through the parameter M ) can be seen to affect the modes and the stability results in three distinct ways. First it alters the mode shapesp(z) through the M in the governing equation (3.15) . As M increases, the complementary function for (3.15) approaches a linear combination of harmonic and linear functions of z. This increases the symmetry of the modes, as seen in figures 3-5. (Physically, the oscillations are governed more by a local balance between wall inertia and axial tension effects, with the symmetry-breaking fluid inertia becoming less important.) As a result of the increased symmetry, the axial sloshing flows increasingly cancel out between adjacent peaks and troughs in the wall displacementsÃ. For even modes, these cancellations significantly reduce the sloshing flow at the upstream end, and thus weaken the instability. For odd modes, the unmatched peak still gives a sloshing flow at the upstream end, although the magnitude is decreased slightly. The effect enters the expression (4.12) for the critical Reynolds number Re c through thep ′ (0) factor, where a lower value ofp ′ (0) causes a higher Re c , thus giving a more stable mode. As can be seen in Fig. 3 ,p ′ (0) is significantly reduced for even modes, and hence this is a significant stabilising effect. However, for the fundamental mode (which is odd), this effect only represents a small stabilising effect.
Secondly, M affects the frequency of the normal modes. As would be expected, the addition of extra inertia reduces the frequency of the normal-mode oscillations. The effect of this in (4.12) is to reduce the critical Reynolds number Re c , thus destabilising the modes. Physically, this effect arises as follows. In (4.2)-(4.4) the kinetic energy flux K and rate of working flux S both contain the same power of ω, but the viscous dissipation D has an additional factor of ω 1/2 . (The viscous Stokes layers are O(ω 1/2 ) thick, and have O(ω −1/2 ) velocity gradients. The velocity-gradient-squared integrated over the thickness gives the ω 1/2 factor.) Hence reducing the frequency reduces the dissipative losses relative to the other energy fluxes, thus destabilising the mode.
Finally, M affects the oscillatory energy contained in each normal mode. This is because the inclusion of inertia in the wall implies the presence of kinetic energy in the wall. This appears as the M term in the expression (4.6) for the mean oscillatory energyẼ s in the wall. (The other term in (4.6) corresponds to the mean elastic potential energy from bending and stretching.) As M increases, the energy in the wall for oscillations of a given shape, frequency and amplitude increases. This means that for the amplitude of the mode to increase or decrease by a given amount, more energy must be gained or lost from the system. If the energy fluxes remain fixed then the growth and decay rates of each mode will be damped, i.e. |Λ| decreases. In the expression (4.13) for Λ, this takes effect through the M in integral within the denominator. The effect of this can be seen in Fig. 11 , where e.g. at Re = 300, increasing M from 0 to 10 results in a monotonic decrease in the growth rate Λ 1 for both the asymptotic and numerical solutions.
Overall, an increase in wall inertia is a destabilising effect, in that it reduces the critical mean-flow Reynolds number for the fundamental mode. This effect is brought about primarily through the lowering of the frequency of the mode, and the resultant decrease in dissipative losses in the fluid. † However, the increase in energy in the oscillations caused by the kinetic energy of the wall means that the growth rates are damped by increasing amounts as more wall inertia is added. At higher Reynolds numbers this effect dominates, and the growth rates are reduced by an increase in wall inertia. In this regime wall inertia acts as a stabilising effect. (36) for experiments with silicon rubber tubes conveying water (ρ w /ρ f ≈ 1) to M ≈ 3.3 for a pulmonary airway of thickness d/a = 1/10 conveying air (ρ w /ρ f ≈ 816) and collapsing over a length of ℓ = 5.
The work presented here is not directly comparable with previous theoretical studies of the effect of wall inertia on oscillations in collapsible tubes and channels. Previous studies have concentrated on different regions of parameter space (often lower axial tension and/or a significantly collapsed/buckled base state) and hence have explored different instability mechanisms that are affected by wall inertia in different ways. For example, in the case of channel flow with a lower-tension elastic membrane, Luo and Pedley (37) found that the addition of wall inertia induces an additional higher-frequency 'flutter' instability superposed on the original lower-frequency oscillation that occurs in the same setup with a mass-less wall. In the present work, the addition of wall inertia solely acts as a perturbation to the original high-frequency oscillatory modes.
Using integration by parts on these two integrals, we then obtain
We now sum equations (A2), (A4a) and(A4b). The boundary terms at z = z2, z2 cancel by virtue of the continuity conditions (3.11) . Noting thatp ′′ =p ′′′ = 0 for z ∈ (0, z1) and z ∈ (z2, 1), we deduce
Finally, we know thatp = 0 at z = 0 from (3.10a), andp ′ = 0 at z = 1 from (3.10b), so the remaining boundary terms vanish. Rearranging (A5), we can then write
The constants k0 and k2 are both strictly positive, while F and M are non-negative. Hence for any non-trivial solutionp, the right-hand side of (A6) is real and strictly positive. Hence, ω must be real and non-zero.
where it is assumed that the variation in ∆ over the interval (t0, t0 + 2π ω ) is negligible. It can be shown that if a function A(z, t) has the form A(z, t) =Ā(z) + Re(Ã(z)e iωt ), then
Using this property, we take the time-average of (B10) to obtain
Hence, Es may be decomposed into components due to the steady and oscillatory area changes of the tube. Thus, the period-averaged dimensionless energyẼs in the tube wall due to the oscillations is given byẼ
It is convenient to expressẼs in terms ofp rather thanÃ. Using (3.9) we obtaiñ
where ′ denotes a derivative with respect to z and † denotes the complex conjugate.
B.4 Simplification of the expression forẼs
The expression (B15) forẼs could be used directly in the energy budget in §4. However, a further simplification is possible to reduce the number of derivatives ofp required. First, we use integration by parts on the final term in the integrand in (B15). The boundary terms vanish asp ′′ = 0 at z = z1, z2, and we obtaiñ 
We now use the governing ODE (3.12) to replacep ′′′′ by terms involving lower-order derivatives ofp. The terms involving k0 cancel, and we find that
By integrating the second term in the integrand of (B17) by parts, we find that
Equation (3.13) gives rise to linear solutions forp in (0, z1) and (z2, 1). The boundary conditions (3.10) then yieldp = zp ′ for z ∈ (0, z1) andp ′ = 0 for z ∈ (z2, 1). Applying the matching conditions (3.11) at z = z1, z2, we can then re-express the boundary terms in (B18) as effect of wall inertia on flow instabilities in an elastic-walled tube 33
Then sincep ′′ = 0 for z ∈ (0, z1) andp ′ =p ′′ = 0 for z ∈ (z2, 1), we can re-write (B18) a single integral over the whole domain, thus
